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1901001101010001 
EXAMINATION FEBRUARY-MARCH 2024 

MASTER OF ARTS PART-I (EXTERNAL) 

MATHEMATICS  

MEASURE THEORY - LEVEL 1 

 

[Time: As Per Schedule]  [Max. Marks: 100] 

Instructions: 

1. Fill up strictly the following details on your answer book 

a. Name of the Examination: MASTER OF ARTS  

PART-1 (EXTERNAL)  
b. Name of the Subject: MATHEMATICS MEASURE THEORY – 

LEVEL 1  
c. Subject Code No: 1901001101010001 

2. Sketch neat and labelled diagram wherever necessary. 

3. Figures to the right indicate full marks of the question. 

4. All questions are compulsory. 

5. Attempt any FIVE questions of the following. 

6. Each question carries equal marks. 

7. Follow usual notations and conventions. 

 

Seat No: 

      

 

 

 

Student’s Signature 

 

 

Q.1  (a) Let ƒ and g be two nonnegative measurable functions. If 𝑓 is integrable over 

𝐸 and 𝑔(𝑥)  <  𝑓(𝑥) on 𝐸, then prove that 𝑔 is also integrable over 𝐸 and 

∫
𝐸 

 𝑓 − 𝑔 = ∫
𝐸 

  𝑓 − ∫
𝐸 

𝑔. 

 

(b) Let A be any set and 𝐸1, … 𝐸𝑛 be a finite sequence of disjoint measurable 

sets. Then prove that 𝑚∗(𝐴 ∩ [⋃𝑖=1
𝑛  𝐸𝑖])  = ∑ 𝑚∗(𝐴 ∩ 𝐸𝑖)𝑛

𝑖=1 . 

 

(c) Define upper and lower Riemann integral of a function.  

If 𝑓(𝑥) = {
0; 𝑥 𝑖𝑠 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙    
1;  𝑥 𝑖𝑠 𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙

  

then show that 𝑅 ∫ 𝑓(𝑥)𝑑𝑥 = 𝑏 − 𝑎
𝑏̅

𝑎
 and 𝑅 ∫ 𝑓(𝑥)𝑑𝑥 = 0

𝑏

𝑎̅
. 

 

OR 

 

(a) State and prove Fatau's lemma. 

 

(b) Let 〈𝐴𝑛〉 be a countable collection of sets of real numbers. Then prove that 
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 𝑚∗ (⋃ 𝐴𝑛

∞

𝑛=1

) ≤ ∑ 𝑚∗

∞

𝑛=1

𝐴𝑛. 

(c) Let 𝑓 be nonnegative function then show that ∫
𝐸

 𝑓 =  0 ⇒  𝑓 =  0 almost 

everywhere. 

 

 

 

 

6 

Q.2  (a) If two functions are absolutely continuous then prove that their sum and 

product are also absolutely continuous. 

 

(b) If 𝑓 and 𝑔 are bounded measurable functions defined on a set 𝐸 of finite 

measure, then prove that  

(i) ∫
𝐸

(𝑎𝑓 +  𝑏𝑔) = 𝑎∫
𝐸

 𝑓 + 𝑏∫
𝐸

  𝑔 

(ii) If 𝑓 =  𝑔 almost everywhere then ∫
𝐸

 𝑓 = ∫
𝐸

 𝑔 

(iii) If 𝐴 ≤ 𝑓(𝑥) ≤ 𝐵 then 𝐴𝑚𝐸 ≤ ∫
𝐸

  𝑓 ≤ 𝐵𝑚𝐸. 

 

(c) Define bounded variation. If 𝑓 ∈ 𝐵𝑉([𝑎, 𝑏]), then prove that  𝑇𝑎
𝑏 = 𝑃𝑎

𝑏 + 𝑁𝑎
𝑏 

and 𝑓(𝑏) − 𝑓(𝑎) = 𝑃𝑎
𝑏 − 𝑁𝑎

𝑏. 

 

OR 

 

(a) Prove that every singleton set {𝑏}, 0 <  𝑏 ≤  1, is a Borel set. 

 

(b) Let 𝑓 be define and bounded on a measurable set 𝐸 with 𝑚𝐸 finite. In order 

that ∫
𝐸𝑓≤𝜓

𝑖𝑛𝑓
 𝜓(𝑥)𝑑𝑥 = ∫

𝐸𝑓≥𝜙

𝑠𝑢𝑝
 𝜙(𝑥)𝑑𝑥, for all simple function 𝜙 and 𝜓, show 

that it is necessary and sufficient that 𝑓 be measurable. 

 

(c) (i) Show that 𝑚∗𝐸 = 0 then 𝐸 is a measurable set. 

(ii) Prove that a constant function defined over a measurable set is 

measurable. 
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Q.3  (a) Let 𝑐 ∈ (𝑎, 𝑏). If 𝑓 ∈ 𝐵𝑉([𝑎, 𝑐]) and 𝑓 ∈ 𝐵𝑉([𝑐, 𝑏]) then prove that 𝑓 ∈

𝐵𝑉([𝑎, 𝑏]) and moreover 𝑇𝑎
𝑏(𝑓) = 𝑇𝑎

𝑐(𝑓) + 𝑇𝑐
𝑏(𝑓). 

 

(b) Let 〈𝑓𝑛〉 be a sequence of measurable functions and let 𝑔 be integrable over 

𝐸 such that |𝑓𝑛| ≤ 𝑔 on 𝐸 and 𝑓(𝑥) = lim
𝑛→∞

𝑓𝑛(𝑥) then prove that  
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(c) If 𝑓 is integrable on [𝑎, 𝑏] and if ∫ 𝑓(𝑡)𝑑𝑡 = 0, ∀𝑥 ∈ [𝑎, 𝑏]
𝑥

𝑎
 then prove that 

𝑓(𝑡) = 0 almost everywhere on [𝑎, 𝑏]. 

 

OR 

 

(a) If 𝜙 is convex on (𝑎, 𝑏) and if 𝑥, 𝑦, 𝑥′, 𝑦′ are points of (𝑎, 𝑏) with 𝑥 ≤ 𝑥′ <

𝑦′ and 𝑥 < 𝑦 ≤ 𝑦′, then prove that the chord over (𝑥′, 𝑦′) has larger slope 

than the chord over (𝑥, 𝑦); that is 
𝜙(𝑦)−𝜙(𝑥)

𝑦−𝑥
≤

𝜙(𝑦′)−𝜙(𝑥′)

𝑦′−𝑥′
. 

 

(b) State and prove monotone convergence theorem.  

 

(c) Prove that 𝑓 is integrable if and only if |𝑓| is integrable. 
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Q.4  (a) Define a continuous operator. If 𝑇: 𝐷(𝑇)  →  𝑌 is a linear operator, where 

𝐷(𝑇)  ⊂  𝑋 and 𝑋, 𝑌 are the normed spaces, then prove that 𝑇 is continuous 

if and only if 𝑇 is bounded. 

 

(b) Let {𝑥1, 𝑥2, . . , 𝑥𝑛} be linearly independent set of vectors in a normed 

space 𝑋. Then there exists 𝐶 > 0 such that for every choice of scalars 

𝛼1, 𝛼2, … , 𝛼𝑛; prove that  

 
(c) Prove that finite dimensional vector space is algebraically reflexive. 

 

OR 

 

(a) Prove that the space 𝐶[𝑎, 𝑏] is complete. 

 

(b) Define discrete metric and show that it satisfies all the four properties of a 

metric space. 

 

(c) Let 𝑇: 𝑋 → 𝑌 and 𝑆: 𝑌 →  𝑍 be bijective linear operators, where 𝑋, 𝑌, 𝑍 are 

vector spaces. Then prove that (𝑆𝑇)−1: 𝑍 →  𝑋 𝑜𝑓 (𝑆𝑇) exists, and 

(𝑆𝑇)−1 =  𝑇−1𝑆−1. 
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Q.5 (a) Let 𝑋 be an inner product space and let 𝑀 be a complete convex subspace 𝑌. 

Let 𝑥 ∈  𝑋 be fixed, then prove that 𝑧 =  𝑥 −  𝑦 is orthogonal to 𝑌. 

 

(b) Show that the dual space of 𝑙𝑝 is 𝑙𝑞; here 1 < 𝑝 < +∞ and 𝑞 is the 

conjugate of 𝑝, that is 1/𝑝 + 1/𝑞 = 1. 

(c) Let 𝑋 be an inner product space. Then prove that the corresponding norm 

satisfies |〈𝑥, 𝑦〉|  ≤  ||𝑥|| ||𝑦||, where the equality holds if and only if {𝑥, 𝑦} 

is a linearly dependent set. 

 

OR 

 

(a) Show that in an inner product space, if 𝑥 ⊥ 𝑦 then ||𝑥 + 𝑦||2 = ||𝑥||2 +

||𝑦||2. Does the converse hold true? Justify. 

 

(b)  Let 𝑇: 𝑋 → 𝑌 be a linear operator, where 𝑋 and 𝑌 are vector space then 

prove that  

(i) The range 𝑅(𝑇) is a vector space. 

(ii) If dim 𝐷(𝑇)  =  𝑛 <  ∞, then dim 𝑅(𝑇)  ≤  𝑛. 

 

(c) Let 𝑀 be a subset of a Hilbert space 𝐻 then prove that 

(i) 𝑀 ∩ 𝑀⊥ = {0} 

(ii) 𝑀 ⊂ 𝑀⊥⊥. 

7 

 

 

 

7 

 

6 

 

 

 

 

 

7 

 

 

7 

 

 

 

 

6 

 

 

***** 


